(I.3a)
One must then derive [8] (I.3b) Equations (I.3a, b) are the desired evolution equations. A first step toward converting this formal construction into a rigorous mathematical derivation is to assume that U is of form (I.1), and then to establish that weak-lim U(x, t) (x, t),
(I. 4) In section II of this paper we prove a version of (1.4) under suitable assumptions.
We remark that in the simple phase case (N 1), this result is classical; however, for the general case (N > 1), a "nonresonance condition" about the is required. In our principal applications (see [9] , section IV and appendix A) we have viewed modulating wavetrains as evolving in on a (formal) space of functions of x. Therefore the theorem we formulate below is independent of t except insofar as the local nonresonance condition is or is not satisfied at a given t. As we explain in section III, we believe that the nonresonance condition formulated in this paper is basically optimal.
One fascinating feature in the propagation of rapidly oscillating, integrable, nonlinear waves is that the number of phases N can change in space and time [3, 8, 2] . In section III of this paper we discuss connections between the breakdown of the nonresonance condition and curves in the x-t plane across which the number N of phases changes.
II. An averaging theorem. where the circumflex denotes Fourier coefficients:
That is, for any smooth function d? with compact support,
Proof.
Step 1. We divide the proof into four steps. Step 4. Let v be fixed as above, i.e., 0 < I1 M. Then by step The zero dispersion limit for solutions of the KdV equation was shown to exist as a weak limit in [3] . This work indicates that the weak limit may be characterized in terms of a hierarchy of equations indexed by N. When N 1, these are Whitham's equations; for N > 1 they are described in [5] . These equations are hyperbolic and can be written in Riemann invariant form
It is natural to attempt to represent the weak limit as the limit of N-phase waves [1, 8] , as indicated in (1.4). There will be curves in the x-t plane across which the number of phases, N, changes. If one solves for t t(x) implicitly from hi(x, t) constant, for some i, then inserting t(x) into (1.4) reduces the equation to the form (11.2). Along curves of discontinuity for N(x, t), the nonresonance condition will be violated. However, it seems reasonable that for nice initial data this condition is violated only along curves where N(x, t) changes. If such is the case, then the Riemann invariant trajectories are locally nonresonant curves. This would at least make the problem of characterizing the weak limit in terms of N-phase limits well posed, i.e., (1.4) would be uniformly valid in the x-t plane.
